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DIRAC OPERATORS ON NON–COMPACT ORBIFOLDS
Carla Farsi, Department of Mathematics, University of Colorado, 395
UCB, Boulder, CO 80309–0395, USA. e-mail: farsi@euclid.colorado.edu
Abstract. In this paper we prove that Dirac operators on non–compact almost complex, complete orbifolds
which are sufficiently regular at infinity, admit a unique extension. Additonally, we prove a generalized orbifold
Stokes’/Divergence theorem.
0. Introduction.
Orbifolds, generalized manifolds that are locally the quotient of an euclidean space modulo a finite
group of isometries, were first introduced first by Satake. In the late seventies, Kawasaki proved an orbifold
signature formula, together with more general index theorems, see [Kw1], [Kw2], [Kw3]. In [Fa1] we proved
a K–theoretical index theorem for orbifolds with operator algebraic means, and in [Fa2], [Fa3] we studied
compact orbifold spectral theory and defined orbifold eta invariants. Other orbifold index formulas were
proved in [Du], [V]. In [Ch] Chiang studied compact orbifold heat kernels and harmonic maps, while in
[Stan], Stanhope established some interesting geometrical applications of orbifold spectral theory.
Here we will continue the orbifold spectral analysis started in [Fa2] and [Fa3]. In particular we show
that on a non–compact complete almost complex Spinc orbifold which is sufficiently regular at infinity (see
Definition 2.1), generalized Dirac operators are closed. This extends to orbifolds theorems of Gaffney [Gn1],
Yau [Y], and Wolf [W], whose ideas are used in our proofs, together with more orbifold-specific techniques.
In particular, our first main result, Theorem 3.1, asserts that
Theorem 3.1. Let X be an even–dimensional non–compact complete Hermitian Spinc almost complex
orbifold which is sufficiently regular at infinity. Assume that a Hermitian connection is chosen on the dual
of its canonical line bundle K∗. Let E be a proper Hermitian orbibundle (with connection ∇E) over X, and
let DE be the generalized Dirac operator with coefficients in E. Let D(DMINE ) be the domain of the min
extension of DE, and D(DMAXE ) be the domain of the max extension of DE, see the end of Section 2 for
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2details. Then
D(DMINE ) = D(DMAXE ).
We also prove the following Stokes’/Divergence theorem, Theorem 5.1, which generalizes to orbifolds
results of Gaffney [Gn2], Karp [K], and Yau [Y].
Theorem 5.1. Let X be an even–dimensional non–compact complete Spinc almost complex orbifold which
is sufficiently regular at infinity. Assume that a connection is chosen on the dual of its canonical line bundle.
Let V be a vector field on X such that
lim
k→+∞
inf
1
k
∫
B2k−Bk
‖V ‖ dv = 0,
where ‖V ‖ denotes the length of V , and Bk = {y ∈ X |ρ(y) = d(y, y0) ≤ k} for a fixed y0 ∈ X−Σ(X), where
Σ(X) is the singular locus of X. Then if either (div V )+ or (div V )− is integrable on X, we have
∫
X
div (V ) dv = 0.
In a sequel to this paper [Fa4], we use the results we proved here to establish an orbifold Gromov-Lawson
relative index theorem, c.f. [GL] for the manifold case. More in detail, the contents of this paper are as
follows. In Section 1 we recall the definition of orbifold, orbibundles, and introduce orbifold Dirac operators.
In Section 2, we study Dirac operators on non–compact orbifolds from a local viewpoint. In Section 3, we
state and prove our first main result, Theorem 3.1. In Section 4 we prove that, if D is a Dirac operator,
and D2σ = 0, also Dσ = 0. In Section 5 we finally prove our Stokes’/Divergence theorem, Theorem 5.1.
Vanishing results are considered in Section 6.
In the sequel, all orbifolds and manifolds are even–dimensional, smooth, Hermitian, Spinc, connected,
and almost complex unless otherwise specified. All vector and orbibundles are assumed to be smooth and
proper. We also assume that all of our orbifolds/manifolds are endowed with a fixed Hermitian connection
on the dual of their canonical line bundle K∗. This latter hypotheses allows us to define a ‘canonical’Spinc
Dirac operator and, given a Hermitian orbibundle E with a chosen connection ∇E , the ‘canonical’Spinc
Dirac operator with coefficients in E. Both of these operators depend, in the Spinc case, on the choice of
the selected connections, see [Du; Chapter 14], and [LM; Appendix D]. For the Spin or complex case, the
choice of the connection on K∗ is canonical.
3I would like to thank the sabbatical program of the University of Colorado/Boulder, and the Mathematics
Department of the University of Florence, Italy, for their warm hospitality during the period this paper was
written. We also thanks the referee for useful suggestions.
1. Orbifolds, Orbibundles and Dirac Operators.
In this section we will review some definitions and results that we will use throughtout this paper. For
generalities on orbifolds and operators on orbifolds, see [Kw1], [Kw2], [Kw3], [Ch], [Du], [V].
An orbifold is a Hausdorff second countable topological space X together with an atlas of charts U =
{(U˜i, Gi)|i ∈ I}, with U˜i/Gi = Ui open, and with projection πi : U˜i → Ui, i ∈ I, satisfying the following
properties
(1) If two charts U1 and U2 associated to pairs (U˜1, G1), (U˜2, G2) of U , are such that U1 ⊆ U2, then
there exists a smooth open embedding λ: U˜1 → U˜2 and a homomorphism µ: G1 → G2 such that
π1 = π2 ◦ λ and λ ◦ γ = µ(γ) ◦ λ, ∀γ ∈ G1.
(2) The collection of the open charts Ui, i ∈ I, belonging to the atlas U forms a basis for the topology
on X .
We will call an orbifold atlas as above a standard orbifold atlas.
For any x point of X , the isotropy Gx of x is well defined, up to conjugacy, by using any local coordinate
chart. The set of all points x ∈ X with non–trivial stabilizer, Σ(X), is called the singular locus of X , see
e.g. [Ch]. Note that X − Σ(X) is a smooth manifold.
If we now endow X with a countable locally finite orbifold atlas F , F = {(U˜i, Gi)|i ∈ N}, then by
standard theory there exists a smooth partition of unity η = {ηi}i∈N subordinated to F , [Ch]. This in
particular means that, for any i ∈ N, ηi is a smooth function on Ui (i.e., its lift to any chart of a standard
orbifold atlas is smooth), the support of ηi is included in an open subset U
′
i of Ui, and ∪U ′i = X . We will
call any η as above an F -partition of unity. Let E be an orbibundle over the orbifold X . (For the precise
definition see [Kw1], [Kw2], [Kw3], [Ch].) In particular E is an orbifold in its own right; on an orbifold
chart U1 associated to a pair (U˜1, G1) of a standard orbifold atlas U = {(U˜i, Gi)|i ∈ I} of X , E lifts to a
G1-equivariant bundle. Standard orbifold atlases on X can be used to provide standard orbifold atlases on
E.
If E is an orbibundle over the orbifold X , a section s : X → E is called a smooth orbifold section if for
each chart Ui associated to a pair (U˜i, Gi) of a standard orbifold atlas U = {(U˜i, Gi)|i ∈ I} of X , we have
4that s|Ui : Ui → E|Ui is covered by a smooth Gi–invariant section s˜|U˜i : U˜i → E˜|U˜i . Given a Hermitian
orbibundle E over X , we will denote by C∞(X,E) the space of all smooth sections of E, and by C∞c (X,E)
the space of all smooth sections with compact support. Classical orbibundles over X are the tangent bundle
TX , and the cotangent bundle T ∗X of X . We can form orbibundles tensor products by taking the tensor
products of their local expressions in the charts of a standard orbifold atlas.
Define an inner product between sections of C∞(X,E) (or C∞c (X,E)) by a the following formula (c.f.,
[Ch; 2.2a])
(σ1, σ2) =
+∞∑
i=1
1
|Gi|
∫
U˜i
η˜i(x˜i) < σ˜1(x˜i), σ˜2(x˜i) > dv(x˜i),
where η = {ηi}i∈N, is a F -partition of unity subordinated to the locally finite orbifold cover F = {(U˜i, Gi)|i ∈
N}, and <,> is a Gi–invariant product on E˜. (Note that, with slight abuse of notation, we used ˜ to denote
lift to U˜i.)
We will now review the construction of the Dirac operators with coefficients in an Hermitian orbibundle
E endowed with a connection ∇E , over an orbifold X satisfying our hypotheses, [Du; Sections 5 and 12],
[Kw2], [BGV], [LM; Appendix D]. First of all, X admits a Spinc-principal tangent orbibundle, Spinc(TX),
with, in our hypotheses, canonical Spinc orbifold connection ∇c. Let ∆±,c be the half Spinc representations
(recall that the X is even dimensional). Then we have two orbibundles
∆±,c(TX) = Spinc(TX)×Spinc ∆±,c,
with induced connections ∇±,c, from ∇c; ∇±,c : C∞c (X,∆∓,c(TX)) → C∞c (X,T ∗X ⊗ ∆∓,c(TX)). The
Clifford module structure on ∆±,c defines Clifford multiplications
m± : TX ⊗R ∆±,c(TX)→ ∆∓,c(TX)
On E we have the connection ∇E . Then the generalized ± Dirac operator with coefficients in E, d±,cE ,
d±,cE : C∞c (X,∆±,c(TX)⊗C E)→ C∞c (X,∆∓,c(TX)⊗C E)
is defined by
d±,cE = M ◦
(∇±,c ⊗ Id+ Id⊗∇E) ,
where M denotes the map induced by Clifford multiplication and TX has been identified with T ∗X via the
orbifold metric. We will also use the notation S for the orbifold Spinc bundle (∆+,c⊕∆−,c)(TX), and S⊗E
5or E for (∆+,c ⊕∆−,c)(TX)⊗CE throughout this paper. We will define DE , the generalized Dirac operator
on X with coefficient in E, to be (d+,cE + d
−,c
E ).
2. Dirac Operators on Complete Orbifolds.
On an orbifold X (not necessarily compact), the generalized Dirac operator with coefficients in the
orbibundle E (with connection ∇E), DE , as defined in Section 1, is given by
DE : C∞c (X, (∆+,c ⊕∆−,c)(TX)⊗C E)→ C∞c (X, (∆−,c ⊕∆+,c)(TX)⊗C E)
DE = M ◦
(
(∇+,c +∇−,c)⊗ Id+ Id⊗∇E) .
On orbifold charts, the Dirac operatorDE with coefficients in the Hermitian orbibundle E (with connec-
tion ∇E), has the following local expression D˜E . Let U = {(U˜i, Gi)|i ∈ I}, with U˜i/Gi = Ui be a standard
orbifold atlas. On a local chart U˜i, i ∈ I fixed, we have
∆±,c(T U˜i) = Spin
c(T U˜i)×Spinc ∆±,c,
with induced Gi–invariant connections∇±,c, from∇c. The Clifford module structure on ∆±,c defines Clifford
multiplications
m± : T U˜i ⊗R ∆±,c(T U˜i)→ ∆∓,c(T U˜i).
On E˜, the lift of E, we have the Gi–invariant connection ∇E˜ . Then the generalized ± Dirac operators with
coefficients in E, d˜±,cE ,
d˜±,cE : C∞c (U˜i,∆±,c(T U˜i)⊗C E˜)→ C∞c (U˜i,∆∓,c(T U˜i)⊗C E)
is given by
d˜±,cE =M ◦
(
∇±,c ⊗ Id+ Id⊗∇E˜
)
,
where M is induced by Clifford multiplication and T U˜i has been identified with T
∗U˜i via the Gi–invariant
metric. Also, D˜E , the generalized Dirac operator on X with coefficient in E, is given by d˜
+,c
E + d˜
−,c
E on U˜i.
If e1, . . . , en is an orthonormal local basis for the space T U˜i at a point x˜, then D˜E has local expression
D˜E =
n∑
k=1
ek∇˜Eek ,
where
∇˜E = (∇+,c +∇−,c)⊗ 1 + 1⊗∇E˜ .
Now, in analogy with the manifold case, see [GL], [W], [Gn1], [LM], [Y], we will show that DE is
symmetric, whenever X is a sufficiently regular at infinity.
6Definition 2.1. Let X be a non–compact complete orbifold. Then we say that X is sufficiently regular at
infinity if, for any neighborhood Ω ⊆ X of infinity, there exists a compact domain KΩ with Ω∪KΩ = X and
with boundary strictly included in Ω, on which the Divergence and Stokes’ Theorems hold.
For a compact orbifold without boundary, the Divergence Theorem holds, [Ch]. See also [C] for other
results. Sufficient regularity also holds in the case of a product end, by an adaptation of Chiang’s method,
[Ch], and in the case of finite volume hyperbolic orbifolds because of the structure of the cusps cross sections,
[LoR]. Also, geometrically finite orbifolds with pinched negative sectional curvature satisfy this hypothesis,
[AX]. In general, ours seems to be a very reasonable assumption to make, which will be certainly satisfied in
many cases of interest, see above examples. For Sobolev inequalities of Gallot type involving domains, see
[N].
Theorem 2.2. Let X be a non–compact complete orbifold which is sufficiently regular at infinity, and let
E be a Hermitian orbibundle (with connection ∇E) over X. Let DE be the generalized Dirac operator with
coefficients in E, as defined above. Then DE is symmetric, i.e.,
(DEσ1, σ2) = (σ1, DEσ2), ∀σ1, σ2 ∈ C∞c (X,S ⊗C E),
where (, ) denotes the inner product defined earlier.
Proof. Let E = S⊗E, D = DE. Let η = {ηi}i∈N be a F -partition of unity subordinated to the locally finite
orbifold cover F = {(U˜i, Gi)|i ∈ N}. (Note that, as before, we are using ˜ to denote lift to U˜i.) Then
(σ1, σ2) =
+∞∑
i=1
1
|Gi|
∫
U˜i
η˜i(x˜i) < σ˜1(x˜i), σ˜2(x˜i) > dv(x˜i), ∀σ1, σ2 ∈ C∞c (Ui, E).
Since T (U˜i) is parallelizable, we can choose a local orthonormal basis e1, . . . , en for the space T U˜i at any
point x˜i; thus, if we set ∇ = ∇˜E ,
< D˜, σ˜1(x˜i), σ˜2(x˜i) >=
n∑
k=1
< ek∇˙ek σ˜1(x˜i), σ˜2(x˜i) >
−
n∑
k=1
< ∇ek σ˜1(x˜i), ek ˙˜σ2(x˜i) >
−
n∑
k=1
{
∇ek < σ˜1(x˜i), ek ˙˜σ2(x˜i) > − < σ˜1(x˜i), (∇ek) ˙σ˜2(x˜i) + ek∇˙ekσ2(x˜i) >
}
,
where <,> is a Gi–invariant inner product on S˜.
7If we define the Gi–invariant vector field Vi on U˜i by
< Vi,W >= − < σ˜1,W ◦ σ˜2 >, for any vector field W,
we have that the above expression can be rewritten as
(2.1) < D˜, σ˜1(x˜i), σ˜2(x˜i) >= div(Vi(x˜i))+ < σ˜1(x˜i), < D˜σ˜2(x˜i) >
Now integrate (2.1) (multiplied by η˜i and divided by |Gi|) over U˜i. Then by using the Divergence Theorem,
we are done. 
Remark 2.3. Theorem 2.2 is also valid when only one of the two sections σ1, σ2 has compact support.
Now complete the space C∞c (X, E), E = S ⊗C E, S Spinc bundle on X , E Hermitian orbibundle over
X , with respect to the norm
‖σ‖X =
√
< σ, σ > =
(
+∞∑
i=1
1
|Gi|
∫
U˜i
η˜i(x˜i) < σ˜1(x˜i), σ˜2(x˜i) > dv(x˜i)
) 1
2
.
We thus obtain the L2–space L2(X, E). The Dirac operator
DE : C∞c (X, E)→ C∞c (X, E)
has two natural extensions, min and max listed below, as an unbounded operator
DE : L2(X, E)→ L2(X, E).
1. Minimal Extension DMINE . The minimal extension of DE , D
MIN
E , is obtained by taking the graph
closure of the graph of DE , i.e.,
DMINE : D(DMINE )→ L2(X, E),
where D(DMINE ), the domain of DMINE , is defined to be the set of σ ∈ L2(X, E) for which there exists a
sequence σk ∈ C∞c (X, E) such that σk → σ and DEσk → τ in L2(X, E), for some σ, τ ∈ L2(X, E). Set
DMINE (σ) = τ .
2. Maximal Extension DMAXE . The maximal extension of DE , D
MAX
E , is obtained by taking its domain
to be the set of all σ ∈ L2(X, E) such that the distributional image of DE(σ) is still in L2(X, E). More
precisely,
DMAXE : D(DMAXE )→ L2(X, E),
8where D(DMAXE ), the domain of DMAXE , is defined to be the set of σ ∈ L2(X, E) such that the linear
functional L(σ2) = (σ,DE(σ2)) on C∞c (X, E) is bounded in the L2(X, E) norm. Note that the boundedness
of L implies that there exists an element τ ∈ L2(X, E), such that
(τ, σ2) = (σ,DEσ2), ∀σ2 ∈ C∞c (X, E).
Define the above τ to be DMAXE (σ).
Remark 2.4. Since ( , ) is continuous in the L2(X, E) norm, we have that
D(DMINE ) ⊆ D(DMAXE ).
3. Generalized Dirac Operators on Non–Compact Complete Orbifolds are Closed.
In this Section we will prove that generalized Dirac operators on complete orbifolds which are sufficiently
regular at infinity, are closed operators. This theorem generalizes to orbifolds [GL; Theorem 1.17], and [W;
Theorem 5.1].
Theorem 3.1. Let X be an even–dimensional non–compact complete Hermitian Spinc almost complex
orbifold which is sufficiently regular at infinity. Assume that a Hermitian connection is chosen on the dual
of its canonical line bundle K∗. Let E be a proper Hermitian orbibundle (with connection ∇E) over X, and
let DE be the generalized Dirac operator with coefficients in E. Let D(DMINE ) be the domain of the min
extension of DE, and D(DMAXE ) be the domain of the max extension of DE, see the end of Section 2 for
details. Then
D(DMINE ) = D(DMAXE ).
Our proof of Theorem 3.1, which will occupy the remaining of this section, will be an adaptation of
[W; Proof of Theorem 5.1]. In particular, suitable modifications to Wolf’s proof for manifolds will be mostly
needed to deal with orbifold distance functions.
Proof. Firstly, recall that we denoted by Σ(X) the singular locus of X . Then X−Σ(X) is a convex manifold.
In particular any two points of X − Σ(X) can be connected by a geodesic arc lying entirely in X − Σ(X),
see [Stan; Section 4]. Because of Remark 2.4, to prove Theorem 3.1 it is enough to show that
(3.1) D(DMAXE ) ⊆ D(DMINE ).
9Note that D(DMAXE ) carries the norm
N(σ) =
{‖σ‖2X + ‖DE(σ)‖2X} 12 , ∀σ ∈ D(DMAXE ),
where ‖ ‖Y denotes the L2(Y, E) norm, for Y ⊆ X , c.f. Section 2. But (3.1) is equivalent to
(3.2) C∞c (X, E) is dense in D(DMAXE ) in the norm N.
Thus Theorem 3.1 will clearly follow once we have proven the Lemmas 3.2 and 3.3 below. .
Lemma 3.2. Let X be a non–compact complete orbifold which is sufficiently regular at infinity, and let E
be a Hermitian orbibundle (with connection ∇E) over X. Let DE : C∞c (X, E)→ C∞c (X, E), be the generalized
Dirac operator on X with coefficients in E as in Theorem 3.1. Then
C∞c (X, E) is dense in Dc(DMAXE ) in the norm N,
where we set Dc(DMAXE ) to be the subset of the elements of D(DMAXE ) with compact support, and where
N(σ) =
{‖σ‖2X + ‖DE(σ)‖2X} 12 , ∀σ ∈ D(DMAXE ).
Lemma 3.3. Let X be a non–compact complete orbifold which is sufficiently regular at infinity, and let E
be a Hermitian orbibundle (with connection ∇E) over X. Let DE : C∞c (X, E)→ C∞c (X, E) be the generalized
Dirac operator on X with coefficients in E as in Theorem 3.1 and Lemma 3.2. Then
Dc(DMAXE ) is dense in D(DMAXE ) in the norm N.
Proof of Lemma 3.2. Set Dc = Dc(DMAXE ), and let σ ∈ Dc. Choose a locally finite orbifold atlas F , F =
{(U˜i, Gi)|i ∈ N}, with associated smooth partition of unity η = {ηi}i∈N. Suppose that supp(ηi)∩supp(σ) 6= ∅
only for i = 1, . . . , ℓ. Then σ = σ1 + . . . , σℓ, with σi = ηiσ having support in Ui, i = 1, . . . , ℓ. We can lift
σi to a Gi–invariant section σ˜i. By trivializing the bundle E˜ over U˜i, we can assume that we are dealing
with functions. Convolutions with an approximated identity and averaging, give a Gi–invariant sequence
{u˜i,k}k∈N in C∞c (U˜i, E˜) whose image {ui,k}k∈N in C∞c (Ui, E) satisfies N(σi − ui,k) < 1k , i = 1, . . . , ℓ. (The
L2–norm is computed by dividing by |Gi| and integrating on U˜i.) Now, if we set, uk = u1,k + · · ·+ uℓ,k, we
have N(σ − uk) < ℓk , so uk → σ in the norm N. 
Proof of Lemma 3.3. Set Dc = Dc(DMAXE ), D = D(DMAXE ), and D = DE . Let y0 ∈ X − Σ(X) be fixed,
where Σ(X) is the singular locus of X . Let y ∈ X and denote by ρ(y) the orbifold distance bewteen y0 and
10
y. We will only be interested in the beahviour of ρ at points of the convex manifold X − Σ(X). (For more
details on X − Σ(X), see [Stan] and [B].) Note also that Σ(X) has measure zero in X , [Ch], and so ρ is a
function which is differentiable on X a. e. Therefore we can assume that we have
‖∇ρ‖ ≤ 1 almost everywhere on X,
where the above norm is the sup norm, c.f. [W; pg. 623]; we need to additionally remove the measure zero
set Σ(X). We can now proceed as in [W; Proof of (5.5)]. For completeness, we go through all the details of
the proof below. If r > 0, let
Br = {y ∈ X | ρ(y) < r} .
Since X is complete the closure of Br, Br, is compact. Choose a C∞ function a : R → [0, 1] such that
a(−∞, 1] = 1, a[2,+∞) = 0, and denote by M the max of a′ on R. If r > 0 as before, define
br : X → [0, 1], by br(y) = a(ρ(y)
r
).
Then
br = 1 on Br, supp(br) ⊆ B2r.
We have that br is differentiable almost everywhere, and, at points of differentiability, the following inequality
holds
‖∇(br)‖2 = ‖1
r
a′(
ρ
r
)‖2 ≤ M
2
r2
.
Fix σ ∈ D, and write σs = bsσ, for s ∈ N. Now σs ∈ Dc, since the support of bs is contained in B2s compact.
Choose a locally finite orbifold atlas F , F = {(U˜i, Gi)|i ∈ N}, with associated smooth partition of unity
η = {ηi}i∈N. Suppose that supp(ηi) ∩B2k 6= ∅ only for i = 1, . . . , ℓ. Then on a local chart U˜i, = 1, . . . , ℓ, we
have, as in the proof of Theorem 2.2 (as usual denote by ˜ the lift to U˜i),
D˜(σ˜s) = D˜(b˜sσ˜) =
n∑
j=1
ej
(
∇ej (b˜sσ˜)
)
=
n∑
j=1
ej
(
ej(b˜s)σ˜ + (b˜s∇ej σ˜)
)
= ∇(b˜s)σ˜ + (b˜s)D˜(σ˜)
almost everywhere on U˜i. Since bs = 1 on Bs, we have
‖D(σ − σs)‖2X = ‖(1− bs)D(σ) +∇(bs)σ‖2X
11
≤ ‖D(σ)‖2X−Bs +
M2
s2
‖σ‖2X ,
where ‖ ‖Y denotes the L2(Y, E) norm.
We thus obtain
N(σ − σs)2 ≤ ‖D(σ)‖2X−Bs + ‖σ‖2X−Bs
M2
s2
‖σ‖2X ,
for any s = 1, . . . , ℓ. This completes the proof of Lemma 3.3. .
To end this section, we would like to state separately a very useful fact shown in the proof of Lemma
3.3.
Proposition 3.4. Let X be a non–compact complete orbifold which is sufficiently regular at infinity, and
let y0 ∈ X − Σ(X) be a fixed point of X. Then there exists a sequence of continuous functions bk, k ∈ N,
with
(1) bk : X → [0, 1]
(2) bk = 1 on Bk = {y ∈ X |ρ(y) = d(y, y0) ≤ k}.
(3) The support of bk is contained in B2k.
(4) The function bk is differentiable almost everywhere and at points of differentiability we have
‖∇(bk)‖2 ≤ M
2
k2
, k ∈ N.
4. The Square of the Dirac Operator.
As we have seen in Section 3, there is always a unique, closed, self-adjoint extension of a generalized
Dirac operator DE on a complete orbifold X which is sufficiently regular at infinity. This unique extension
will still be called DE and its domain will be denoted by D(DE). In particular, for any two sections σ1, σ2
of D(DE), we have
(DEσ1, σ2) = (σ1, DEσ2).
From this we will derive below that if σ ∈ D(DE), then DE(σ) = 0 if and only if D2E(σ) = 0.
Theorem 4.1. Let X be a non–compact complete orbifold which is sufficiently regular at infinity, and let E
be a Hermitian orbibundle (with connection ∇E) over X. Let DE : C∞c (X, E)→ C∞c (X, E), be the generalized
Dirac operator on X with coefficients in E. Then DE(σ) = 0 if and only if D
2
E(σ) = 0 for any σ ∈ D(DE).
12
Proof. Set D = DE and D = D(DE). The non-trivial part of the proof is to show that D2σ = 0 implies
Dσ = 0. Since D2 is elliptic, the equation D2σ = 0 implies σ ∈ C∞(X, E). In fact, via a partition of unity,
we can consider this equation on a chart of a locally finite orbifold atlas. Then, at this level, we are dealing
with a manifold elliptic operator, and therefore standard local theorems on elliptic operators apply, such as
the smoothness of solutions of elliptic systems we need. Now choose a sequence {bk}, k ∈ N, as in the proof
of Lemma 3.3 and in Proposition 3.4. Then we have, for any σ ∈ C(X, E) with Dσ = 0,
(D2σ, b2kσ) = (Dσ,D(b
2
kσ))
= (Dσ, 2bk∇(bk)σ + b2kDσ) = (bkDσ, 2∇(bk)σ + bkDσ),
since D(fσ) = (∇f)σ + fD(σ) for any f∈ C∞(X). almost everywhere. Now we have (recall that ‖ ‖X is the
L2(X, E) norm),
‖bkD(σ)‖2X = −2(bkDσ,∇(bk)σ) ≤
M
k
(‖bkD(σ)‖2X + ‖σ‖2X)
by Proposition 3.4 and the Schwartz inequality. Since the limit of M
k
‖σ‖2X tends to 0 as k → +∞, it follows
that ‖bkD(σ)‖2X tends to 0 as k → +∞. But as in the proof of Lemma 3.3,
‖D(σ − σk)‖2X ≤ ‖D(σ)‖2X−Bk +
M2
k2
‖σ‖2X .
Hence
lim
k→+∞
‖D(σ − σk)‖2X = 0
as the union of all Bk’s is X , and D(σ) ∈ L2(X, E). Then
lim
k→+∞
D(σk) = D(σ)
in L2(X, E), which implies
lim
k→+∞
‖D(σk)‖X = ‖D(σ)‖X .
As D(bkσ) = (∇bk)σ + bkD(σ) almost everywhere, ∀k ∈ N, we have
lim
k→+∞
‖D(σk)‖X = lim
k→+∞
‖bkD(σ)‖X
by Proposition 3.4. Hence
‖D(σ)‖X = lim
k→+∞
‖D(σk)‖X = lim
k→+∞
‖bkD(σ)‖X = 0. 
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The statement of Theorem 4.1 is also true for sections in L2(X, E), as can be shown using approximation.
5. The Stokes’/ Divergence Theorem on Non–Compact Orbifolds.
In this section we will state and prove a Stokes’/Divergence theorem which is a generalization of manifold
results of Gaffney, Yau, and Karp, see [Gn2], [Y], [K]. Our presentation follows the outline given in [K] for
the corresponding manifold case. The proof of our theorem relies heavily on the results we proved in Sections
3 and 4.
Given a vector field V on an orbifold X , choose a locally finite orbifold atlas F , F = {(U˜i, Gi)|i ∈ N},
with associated smooth partition of unity η = {ηi}i∈N. Then the divergence of V is given in local charts by,
[Ch] (here x˜ = (x˜1, . . . , x˜n) denotes the coordinate in U˜i),
div(V˜ ) =
∑
k
1√
g˜
∂
∂x˜k
(√
g˜V˜k
)
, V˜ =
∑
k
V˜k
∂
∂x˜k
on U˜i.
Theorem 5.1. Let X be an even–dimensional non–compact complete Spinc almost complex orbifold which
is sufficiently regular at infinity. Assume that a connection is chosen on the dual of its canonical line bundle.
Let V be a vector field on X such that
lim
k→+∞
inf
1
k
∫
B2k−Bk
‖V ‖ dv = 0,
where ‖V ‖ denotes the length of V , and Bk = {y ∈ X |ρ(y) = d(y, y0) ≤ k} for a fixed y0 ∈ X−Σ(X), where
Σ(X) is the singular locus of X. Then if either (div V )+ or (div V )− is integrable on X, we have
∫
X
div (V ) dv = 0.
Proof. Choose a sequence {bk}, k ∈ N, as in Proposition 3.4. Integrating div (b2kV ) over B2k, for a sufficiently
large k, and applying the divergence theorem for finite domains, we obtain
0 =
∫
B2k
div (b2k V ) dv.
Hence, by Proposition 3.4,
∣∣∣∣
∫
B2k
b2kdiv (V ) dv
∣∣∣∣ ≤ Mk
∫
B2k−Bk
‖V ‖ dv.
Thus, if we for example suppose (div V )− integrable, the above inequality implies
∫
Bk
(div (V ))+dv −
∫
X
(div (V ))−dv ≤ M
k
∫
B2k−Bk
‖V ‖ dv.
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Because of our hypothesis, we can choose a sequence k(j)→ +∞, such that
lim
j→+∞
∫
B2k(j)−Bk(j)
‖V ‖ dv = 0.
Consequently, (div (V ))− is also integrable, and∫
X
div (V )dv ≤ 0.
But now the same argument can be repeated started from (div (V ))−. Hence∫
X
div (V )dv = 0. 
Corollary 5.2. Let X and V be as in Theorem 5.1, and also assume that X has q-th order volume growth
(i.e., there exists c > 0 and q ≥ 1 such that vol (Bk) ≤ c kq, ∀k ≥ 1.) If div (V ) ≥ 0 outside of some compact
set, and either
(1) q > 1 and V ∈ Lp(X, E), with 1
p
+ 1
q
= 1, or
(2) q = 1 and ‖V ‖ → 0 uniformely at ∞ in X, then
∫
X
div (V )dv = 0.
Proof. Very similar to [K; Proof of Corollary 1]. 
6. Some Vanishing Theorems.
The results in this section are a generalization to orbifolds of some of the results proved for manifolds
by Gromov and Lawson in [GL]. In this section, we will let E = C unless otherwise noticed. We will also
substitute S for E .
The scalar orbifold Laplacian ∆ can be defined in analogy with the Laplacian on manifolds. (c.f. [Ch]
Section 2.) In fact, on an orbifold chart U˜i of a standard orbifold atlas U = {(U˜i, Gi)|i ∈ I} of X , we define,
(here x˜ = (x˜1, . . . , x˜n) denotes the coordinate in U˜i),
∆u˜ =
∑
k,j
−g˜k,j ∂
2u˜
∂x˜k∂x˜j
−
∑
j
B˜j
∂u˜
∂x˜j
,
with
B˜j =
1
2g˜
∑
k
∂g˜
∂x˜k
g˜k,j +
∑
k
∂ ˜gk,j
∂x˜k
, ∀u ∈ C∞(Ui).
In the above expression, g˜ = g˜k,j , k, j = 1, . . . , n, is a Gi–invariant metric. Laplacians can also be defined
to act on general orbibundles such as S by using the above definition on orbisections. The following Green’s
formula holds.
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Proposition 6.1. Let X be a non–compact complete orbifold which is sufficiently regular at infinity, and
let S be the Spinc bundle of X. Then for any two sections σj, j = 1, 2 in C∞(X,S), at least one of which
with compact support, we have
∫
X
< ∆σ1, σ2 > dv =
∫
X
< ∇σ1,∇σ2 > dv
Proof. Because of our hypothesis at infinity, the proof given in [Ch; Section 2] in the scalar case is also valid
here. In particular, this result is an orbifold version of [Si; Proposition 1.2.2], which can be proved as in the
manifold case. 
Proposition 6.1 motivates us to choose the Sobolev norm
‖σ‖21 =
∫
X
(< σ, σ > + < ∇σ,∇σ >) dv =
∫
X
(< σ, σ > + < ∆σ, σ >) dv
Thus, by reasoning as in Section 5, we obtain,
Theorem 6.2. Let X be a non–compact complete orbifold which is sufficiently regular at infinity. Then the
domain of the unique closed self-adjoint extension of the Spinc Laplacian ∆, ∆ : C∞c (X,S) → L2(X,S), is
the completion L1,2(X,S) of C∞c (X,S) in the norm ‖ ‖1. Furthermore, ∆(σ) = 0 if and only if ∇(σ) = 0,
i.e., σ is parallel.
Proof. We only need to prove the last claim, which follows from Proposition 6.1 in the case of sections with
compact support. The general case follows from Laplacian analogs of Lemmas 3.2 and 3.3. 
The important Bochner–Weitzenbro¨ck formula, a classic result for manifolds, can also be easily extended
to orbifolds, by using local coordinates.
Proposition 6.3. Let X be a non–compact complete orbifold which is sufficiently regular at infinity. If D
is the Dirac operator on X with coefficients in the Spinc bundle S, and ∆ is the Spinc Laplacian, then
D2 = ∆+R,
where R is given below (c.f. [Du; Theorem 6.1], [LM; Theorem D12] for the manifold case),
R = 1
4
k +
1
2
c(K∗),
where k is the scalar curvature, and c(K∗) denotes the Clifford multiplication of the curvature 2 form of the
fixed connection on the line bundle K∗.
As a consequence of the above formula, we obtain, as in [GL; Theorem 2.8],
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Theorem 6.4. Let X be a non–compact complete orbifold which is sufficiently regular at infinity. If D is
the Dirac operator on X with coefficients in the Spinc bundle S, then the domain D of the unique self-adjoint
extension of D is exactly
L1,2(X,S), that is,
the completion of C∞c (X,S) in the norm
‖σ‖21 =
∫
X
(< σ, σ > + < ∇σ,∇σ >) dv =
∫
X
(< σ, σ > + < ∆σ, σ >)dv
Moreover, for every σ ∈ D,
‖Dσ‖2X = ‖∇σ‖2X + (Rσ, σ),
where ‖ ‖X denotes the L2 norm, R is as in Theorem 6.3, and ( , ) th L2 inner product.
Proof. For sections with compact support Theorem 6.4 follows directly from the Bochner–Weitzenbro¨ck
formula and the self-adjointness of the Dirac operator. More in general, approximate a section σ ∈ D, via
the L2 norm, by a sequence σk of compact support such that Dσk → Dσ. (This is possible because D is in
particular equal to the minimal domain of D.) By passing to the limit, we obtain,
‖Dσ‖2X = ‖∇σ‖2X + (Rσ, σ),
since R is bounded. 
The following corollaries can be derived as in the manifold case (see [GL; Section 2]). We will thus leave
their proofs to the reader.
Corollary 6.5. Let X be a non–compact, complete orbifold which is sufficiently regular at infinity. Let D
and R be as in Theorem 6.4. Suppose that R > 0 pointwise on X. Then
Ker(D) = Coker(D) = 0.
If furthermore, R ≥ c Id, for some constant c > 0, then D : L1,2(X,S) → L2(X,S) is an isomorphism of
Hilbert spaces. In this case, D−1 : L1,2(X,S)→ L2(X,S) is also a bounded operator.
Corollary 6.6. Let X , D and R be as in Corollary 6.5, with R ≥ c Id, for some constant c > 0. Since X
is even-dimensional, D : L1,2(X,S)→ L2(X,S) splits into its ± decomposition, D+ and D−, see Section 1.
Then both D+ and D− have bounded inverses.
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Remark 6.7. The results of this section can also be proved, with suitable modifications for generalized Dirac
operators with coefficients in any Hermitian orbibundle E (with connection ∇E).
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